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ABSTRACT 
We study reachability and controllability properties for discrete-time positive 
periodic systems. The equivalence between N-periodic systems, with n states and m 
inputs, and invariant systems, with n states and Nm inputs, preserves the positivity of 
such systems, and in addition, closely relates their reachability cones. This equivalence 
permits us to show that the complete controllability (reachability) of a positive 
N-periodic system is equivalent to the complete controllability (reachability) of N 
associated positive invariant systems. 
1. INTRODUCTION 
We consider a discrete-time positive periodic system 
x(k+l)=A(k)r(k)+B(k)u(k), (1.1) 
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where A(k), B(k) are positive N-periodic matrices, k E 22, and N E h +. In 
the particular case of positive invariant systems (N = 1) the study of control- 
lability and reachability properties has been recently developed by Murthy 
[9], Coxson and Shapiro [3], and Coxson, Larson, and Schneider [2]. These 
papers point out the significant differences between structural properties of 
unconstrained systems and positive ones. 
In this paper we extend these results to the case of positive periodic 
systems, by means of the equivalence between periodic system (1.1) and N 
invariant systems defined by 
x,0 + 1) = 4x,(k) + O,(k), s=O,l,..., N-l, (1.2) 
where 
x,(k) = x(kN+ s), 
u,(k)=col[u(kN+s+N-l),u(kN+s+N-2),...,u(kN+s)]. 
This equivalence preserves the positivity of such systems, and in addition the 
reachability cones for (1.1) and (1.2) are closely related. 
The paper is organized as follows. In Section 2 we review the structural 
properties of discrete-time periodic linear systems, and the well-known equiv- 
alence between periodic and invariant systems. In Section 3 we consider 
controllability and reachability properties for the positive periodic case. We 
prove that for k = pN, the k-reachability cone at time s for (1.1) is equal to 
the preachability cone for invariant system (1.2) corresponding to index s. 
Finally, in Section 4, we show that the complete controllability (reachability) 
of the positive periodic system (1.1) is equivalent to the complete controllabil- 
ity (reachability) of the N positive invariant systems (1.2). 
2. DISCRETE-TIME PERIODIC LINEAR SYSTEMS 
Consider the discrete-time periodic linear system 
x(k +l) = A(k)x(k)+ B(k)u(k), (2.1) 
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A(k + N) = A(k) ER”~“, 
(2.2) 
B(k + N) = B(k) E (Wnxm, 
for all k E Z, N E H +. We also consider N discrete-time invariant linear 
systems associated with (2.1)-(2.2), 
r,(k+l)=A,x,(k)+B,u,(k), (2.3) 
where 
A,=+A(s+N,s), 
B,=[B(s+N-l),~~(s+N,s+N-1)B(s+N+2),...,~~(s+N,s+1) B(s)] 
(2.4) 
foreverys=O,l,..., N-l.By+,(k,k,), we denote the transition matrix of 
(2.1)-(2.2), 
GA(k, k,) = A(k - l)A(k - 2). -A(k,), k>k,, 
k&h,> k,) = 1 
Observe that A, is the monodromy matrix at time s of the periodic 
system (2.1)-(2.2), and II, is such that B,BT is equal to the reachability 
Grammian matrix of (2.1)-(2.2) on the interval [s, s + N]: 
s+N-1 
W(s,s+N)= c ~~(s+N,j+l)B(j)B(j)r~~(.s+N,j+l)r. 
j=S 
The equivalence in the state-space domain between the N-periodic system 
(2.1)-(2.2), with n states and m inputs, and the N invariant systems 
(2.3)-(2.4), with n states and Nm inputs, was proved in [5], where 
r,(k) = r(klv+ s), 
u,(k)=col[u(kN+s+N-l),u(kN+s+N-2),...,u(kN+s)] 
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are the relationships between the state and input vectors of the two systems. 
Note that this equivalence was also applied in the frequency domain to the 
study of periodic systems in [4] and [7]. 
We denote by cp(k; k,, r,,, u( .)) the state function of (2.1)-(2.2): 
This function gives the state of the system (2.1)-(2.2) at time k when we 
apply the control sequence u( k,), u( k, + l), . . . , u( k - 1) from the initial 
state xc at time k,. 
We now recall the controllability and reachability concepts for periodic 
systems. 
DEFINITION 2.1. The periodic system (2.1)-(2.2) is: 
(i) Completely controllable at time s when for every final state xf E R” 
and for every initial state x0 E R”, there exist a finite time k, E E ’ and a 
control sequence u(j) E R m, j = s - k,, s - k., + 1,. . . , s - 1, such that 
cp(s; s - k,, xg>u<.>) =x,-. (2.5) 
If xf, x0 satisfy (2.5), then we shall say that rf is reached from r0 in k, 
steps. 
(ii) Completely controllable when it is completely controllable at s for all 
s E z. 
(iii) Completely reachable at time s when for every final state xf E R” 
there exist a finite time k, E Z + and a control sequence u(j) E R “I, j = s - 
k,,s - k, + 1,. . . , s - 1, such that 
q( s; s - k,,O, u( .)) = xf.. 
(iv) Completely reachable when it is completely reachable at s for all 
s E z. 
As a consequence of the N-periodicity, the system (2.1)-(2.2) is com- 
pletely controllable (reachable) when it is completely controllable (reachable) 
at sforeverys=O,l,..., N-l. 
From the structural properties of periodic systems and the above equiva- 
lence between (2.1)-(2.2) and (2.3)-(2.4) the following result is obtained. 
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PROPOSITION 2.2. For every s = 0, 1,. . . , N - 1, the following assertions 
are equivalent: 
(1) The system (2.1)-(2.2) is completely controllable at s. 
(2) The system (2.1)-(2.2) is completely reachable at s. 
(3) The system (2.1)-(2.2) is completely reachable at s in fixed time: any 
final state xf can be reached from the zero state in at most Nn steps (i.e. 
k,< Nn). 
(4) The k-step reachability matrix of the invariant system (2.3)-(2.4) 
given by 
Cp)= [B,,A,B,,...,Ak,-‘gslnxkNnl (2.6) 
has rank n for some k. 
(5) rank CL”) = n. 
Proof. The equivalences l++ 2 * 3 are standard properties of a 
discrete-time periodic linear system. The remainder equivalences are a conse- 
quence of the equality between the reachability subspace at time s of 
(2.1)-(2.2) and the reachability subspace of (2.3)-(2.4) corresponding to 
index s, which was proved in [6]. n 
3. DISCRETE-TIME POSITIVE PERIODIC LINEAR SYSTEM 
We denote by lF8; the set of nonnegative vectors of length n. When 
n:ER? we write x >, 0. 
DEFINITION 3.1. 
(i) The system (2.1)-(2.2) is a positive periodic system at time s when for 
each initial state x(s) = x0 > 0 and for each control sequence u(k) >, 0, 
k > s, one verifies that 
forall k>s. 
(ii) The system (2.1)-(2.2) is a positive periodic system when it is a 
positive periodic system at time s for every s E Z. 
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REMARK 3.2. 
(i) From the periodicity of A( .) and B( .), the system (2.1)-(2.2) is a 
positive periodic system when it is a positive periodic system at time s for 
every s =O,l,..., N- 1. 
(ii) The system (2.1)-(2.2) is a positive periodic system if and only if 
A(k)>,O, B(k)aO, for all k=O,l,...,N-1. For a matrix M=(mij)~ 
Iw mX”, M>Odenotesthat mij>Oforall i, j. Wedenoteby(A(.),B(.))>O 
the positive periodic system (2.1)-(2.2). 
(iii) It is easy to see that if (2.1)-(2.2) is a positive periodic system, then 
the N associated systems (2.3)-(2.4), s = O,l,. . . , N- 1, are also positive. 
We now consider the controllability and reachability concepts for positive 
periodic systems. As in the work of Coxson and Shapiro [3], properties (1) to 
(5) of Proposition 2.2 with the additional restrictions ra > 0, x,- >, 0, and 
u(j) > 0, j = s - k,, s - k, + 1,. . . , s - 1, will be denoted by lP, 2P, 3P, 4P, 
and 5P. First, we define the k-reachability cone for the positive periodic 
system (2.1)-(2.2) and for associated positive invariant system (2.3)-(2.4). 
DEFINITION 3.3. For each s = 0 1 , >...> N-l: 
(i) The k-reachable cone at s of the positive periodic system (2.1)-(2.2) is 
defined as 
R&W, f+b) = { .,EIW:IXf=‘P(s;s-k,O,u(.)),u(j)E(W:’}. 
(ii) The k-reachability cone of the 
corresponding to index s is defined as 
i I k-l 
positive invariant system (2.3)-(2.4) 
As 
s-l 
Xf=q(s;s-k,O,u(.))= c GA(s, j+l>B(j)u(j), 
j=s-k 
the k-reachable cone Rk( A( * ), B( . ), s) is the cone generated by the columns 
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of the matrix 
ck(s)= [~(s-l),~~(s,s-1)~(~-2),...,~~,(s,s-k+1)B(s-k)l, 
(34 
and the k-reachable cone Rk( A s, B,) is the cone generated by the columns of 
the matrix 
Cp= [B,,A,B, ,..., A:-lo,]. (3.2) 
REMARK 3.4. For each s = 0, 1, . . . , N - 1: 
(i) For the positive periodic system (2.1)-(2.2), the set of states which are 
reachable at s in finite time with nonnegative inputs is given by 
%(A(.)J+)>s)= u R&+),B(.),s). 
ksN 
(ii) For the positive invariant system (2.3)-(2.4) corresponding to index 
s, the set of states which are reachable in finite time with nonnegative inputs 
is given by 
Rm(A,c B,) = u h&L 8,). 
k=N 
Note that for positive periodic systems, property 2P is equivalent to 
R,(A(.),B(.),s)=~:. (3.3) 
In [3] it was pointed out that for some positive invariant systems (3.3) 
does not hold. This motivates the following definition. 
DEFINITION 3.5. For each s = 0, 1, . . . , N - 1: 
(i) The reuchability cone at s of the positive periodic system (2.1)-(2.2) 
is defined as the closure of R,(A( .), B( .), s), that is, 
R(A(.),B(+s)= R,(A(.),B(.),s). 
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(ii) The positive periodic system (2.1)-(2.2) is essentially completely 
reachable at s when 
R(A(.),B(+s)=IW”,. 
We refer to this property as 2PE. 
(iii) The reachable cone of the positive invariant system (2.3)-(2.4) 
corresponding to index s is defined as the closure of R,( A,, B,), that is, 
R(A,, 4) = R&L B,) . 
(iv) The positive invariant system (2.3)-(2.4) corresponding to index s is 
essentially completely reachable when 
R(A,, B,) = W”, . 
The following result gives the relations between the reachable cones 
previously defined. 
LEMMA 3.6. Foreachs=O,l,...,N-1: 
(9 R,(A(.), R(.), s> = R,(A,, RJ, k = PN. 
(ii) WA(.), W.1, s) = WA,, B,>. 
Proof (i): By Definition 3.3, R,,( A( e), B( .), s) is the cone generated 
by the columns of the matrix 
and R&AS, B,) is the cone generated by the columns of the matrix 
So we only need to prove that 
CpN( s) = cp. (3.5) 
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The matrix (3.4) can be partitioned in the following way: 
cPN(s)=[B(s-l),$J~(s,s-1)B(s-2),...,~~(s~s-N+l)~(s-N) 
~~*(s,s-N)B(s-N-1),+*(&s-N-#+-N-2),..., 
+*(s,s-2N+l)B(s-2N) 
: . . . 
id&, s - (P - 1pqqs - (P - l)N- q, 
$&,S-(p-1)N-1)B(s-(p-1)N-2),..., 
&(s, s - pN+ l>B(s - PN>l (3.6) 
From (2.4) and by the N-periodicity of B( .) and +*pA( ., *) we obtain 
B,= [B(s-1),$&s-l)B(s-2),...,$,&,s-N+l)B(s-N)], 
A,B,=~~(s,s-N)[B(s-N-l),~~(s-N,s-N-l)B(s-N-2),..., 
&(s - N, s - 2N+ l)B(s - 2N)] 
+Js,s-2N+l)B(s-2N)], 
(3.7) 
Aff-‘II,= [$I&,s-(p-l)N)B(s-(p-l)N-1), 
+*(s,s-(r)-l)N-l)B(s-(p-l)N-2),..., 
&(s, s - nN+ l)B(s - PN)]. 
From (3.6) and (3.7) we conclude that (3.5) holds. 
(ii): This property is a consequence of the relation just proved. 
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Just as we extended the reachability property 2P to 2PE, we can also 
extend the controllability property 1P to 1PE [3]. We denote by x B 0 a 
vector with positive entries. 
DEFINITION 3.7. For each s = 0, 1,. . . , N - 1: 
(i) The positive system (2.1)-(2.2) is essentially completely positive or- 
thant controllable at s when for every xf B 0 and x0 > 0 there exist a finite 
time kfEZ+ and a control sequence u(j) > 0, j = s - k,, s - k, + 1,. . . , 
s - 1, such that 
‘p( s; s - k,, xc,, 4)) = xf. 
(ii) The positive invariant system (2.3)-(2.4) corresponding to index s is 
essentially completely positive orthant controllable when for every xf >> 0 
and ra >, 0 there exist a finite time k, E H + and a control sequence u,(j) > 0, 
j = s - k,, s - k, + 1,. . . , s - 1, such that 
k, - 1 
xf = c Ai,B,u,( k, - 1 - i). 
i=O 
4. STRUCTURAL PROPERTIES 
In this section we study the properties lP, 2P, lPE, and 2PE of the 
positive periodic system (2.1)-(2.2) from the corresponding properties of the 
positive invariant system (2.3)-(2.4). In this way we extend Coxson and 
Shapiro’s results to the case of positive periodic systems. 
PROPOSITION 4.1. The positive periodic system (2.1)-(2.2) is (essen- 
tially) completely positive orthant controllable at s if and only if the positive 
invariant system (2.3)-(2.4) corresponding to index s is (essentially) com- 
pletely positive orthant controllable, for every s = 0, 1, . . . , N - 1. 
Proof. If the positive periodic system (2.1)-(2.2) verifies property lP, 
then for every final state xf >, 0 and for every initial state x0 > 0 there exist a 
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finite time k E Z + and a control sequence u(j)>O, j=s-k,s-k+ 
1 ,...,s-1, such that 
s-1 
Xf=+A(s,S-k)xo+ 1 #hj+l)B(j)u(j). 
j=s-k 
Without loss of generality we can suppose that k = pN for some p E N. 
Thus 
xf= Q&J - pN)q, + C,&b. 
Taking into account the expressions (3.4) and (3.5) we obtain 
xf = A?$, + C’“‘u P * 
Hence, the positive invariant system (2.3)-(2.4) corresponding to index s 
verifies property 1P. 
The converse result is analogously proved. 
In the case of property 1PE we only need to take rf B 0, and the proof 
follows as before. R 
COROLLARY 4.2. Foreachs=O,l,...,N-1: 
(i) The positive periodic system (2.1)-(2.2) is completely positive orthant 
controllable at s if and only if R,(A( e), B( .), s) = Iw: and G~(S + N, s) is 
nilpotent. 
(ii) The positive periodic system (2.1)-(2.2) is essentially completely 
positive orthant controllable at s if and only if R(A( .), B(e), s) = R; and 
G~(S + N, s) is stable (i.e. spectral radius less than one). 
Proof. The results are a consequence of the above Proposition 4.1 and 
Lemma 3.6, and Propositions 1 and 2 of [3]. n 
THEOREM 4.3. Consider the positive system (2.1)-(2.2). Zf A(k) is 
irreducible for all k=O,l,,.., N-l, and A(k,)>>O for some k,E 
(0, 1, . . . , N - 1}, then R(A( a), B(a), s) = RF if and only if 
R,(A(*),B(.),s)=R;, foreachs=O,l,..., N-l. 
Proof. From the conditions on the matrices A(k), k = 0, 1,. . . , N - 1, 
we have A, = (P*( s + N, s) B 0 and then A, is irreducible and primitive. 
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Now we consider the positive invariant system (2.3)-(2.4) corresponding to 
index s. From Theorem 1 in [3], R(A,, II,) = WY if and only if R,(A,, B,) 
= R :. Next, applying Lemma 3.6, the result is obtained. n 
THEOREM 4.4. For each s = 0 1 > >...> N - 1, the positive periodic system 
(2.1)-(2.2) verifies that R,(A( .), B( .), s) = Iw: if and only if 
R,,(A(.),B(.),s)=R:. 
Proof. Consider the positive invariant system (2.3)-(2.4) corresponding 
to index s. From the result of Section 6 in [2] we have that R,(A,, I?,) = RF 
if and only if R J A,, B,) = If8 :. Then by Lemma 3.6 we obtain the result. n 
From the previous results of this section it is easy to deduce that the same 
relations among structural properties of positive invariant systems obtained 
by Coxson and Shapiro remain in the positive periodic case. 
COROLLARY 4.5. The controllability, reachability, and rank conditions 
for positive periodic systems verify the following relations: 
(a) 1P + 2P -+ 4P, but 1P ct- 2P + 4P; 
(b) 1PE + 2PE + 4PE, but 1PE + 2PE ++ 4PE; 
(c) 3PE + 2PE, but 3PE cf- 2PE; 
(d) 3P tf 2P. 
Proof. (a): 1P + 2P by Corollary 4.2. 2P -+ 4P is trivial. The converse 
implications are not true in general because they are not true in the case 
N = 1 (see [3]). 
(b): 1PE + 2PE by Corollary 4.2. 2PE + 4PE is obvious. The converse 
implications are not true in general for the same reasons as in case (a). 
(c): 3PE -+ 2PE is trivial. The converse implication is not true for N = 1 
(see [31). n 
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